Continuous quantum measurement and phase locking 
of the motion of a single trapped ion 
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We perform high-resolution real time read-out of the quantum motion of a single trapped and laser 
cooled Ba+ ion. By using an interferometric setup we demonstrate shot noise limited measurement 
of thermal oscillations with resolution of 4 times the standard quantum limit. We also realize 
quantum limited phase control of the ion motion, suppressing the photon recoil-induced phase 
diffusion through a feedback loop. Due to the spectral narrowing in phase-locked mode, the coherent 
ion oscillation is measured with resolution of about 0.3 times the standard quantum limit. 



The control of a system often relies on gathering in- 
formation about its evolution in real time, and usingit 
in a feedback loop to drive it into a desired state 
In classical physics, the accuracy of such feedback op- 
erations can in theory be controlled with infinite preci- 
sion. In quantum physics, however, there is a fundamen- 
tal limit to the amount of knowledge one can gain about 
a system, with important consequences for its controlla- 
bility [2I-I4. If one observes the motion of a body, the 
uncertainty in a position measurement inevitably arises 
due to the Heisenberg relation. A measurement of its 
position disturbs its momentum, leading to an overall 
blur of the observed motion. The resulting displacement 
uncertainty is minimized in the so-called "standard mea- 
surement procedure" which leads to the standard quan- 
tum limit (SQL) In the case of a harmonic oscillator, 
the SQL is equal to the position variance of its ground 
state /^xsQL = V(0|r2|0) = ^Jfij^M^, where M is the 
mass of the oscillator and w its resonant frequency. 

Ground state cooling has been demonstrated for el- 
ementary harmonic oscillators such as trapped ions @ 
and electrons as well as for nanomechanical oscil- 
lators [1, [^, but measurement resolution close to the 
standard quantum limit remains to be demonstrated. In 
current experiments with mechanical oscillators of very 
different sizes, the achieved resolution settles at the level 
of 5-10 ^XsQhi starting from the kilogram size oscilla- 
tor in gravitational wave astronomy in the LIGO exper- 
iment [10|, down to the various realizations of nanome- 
chanical systems [ll-15|. In experiments measuring the 
trajectory of a single atom in real time, the resolution 
achieved so far is also bounded by a few Axsql fl6l - [l8l |. 

In this letter we present high-resolution real-time read- 
out of the quantum motion of a single trapped and laser- 
cooled barium ion. The relevant oscillation frequency of 
one of is macromotion degrees of freedom is wo/27r ^ 1 
MHz, corresponding to a ground state wave function with 
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FIG. 1: (Color online) Optical and electronic setup for con- 
tinuous read-out of ion oscillation and feedback operation. 
LO denotes local oscillator, PMT stands for photomultiplier 
(in photon counting mode), Ml and M2 are radio frequency 
mixers. Amp is an amplifier. The parabola represents the 
trapping potential seen by the ion. 



a spatial extension of /S.xgQL ^ 6 nm. Using an inter- 
ferometric setup 1^, 23] we are able to reconstruct the 
trajectory of the ion motion with a precision of A/S.xsqli 
only limited by the resonance fluorescence noise. We fur- 
thermore demonstrate efficient suppression of the photon 
recoil-induced phase diffusion of the single-ion motion, by 
phase locking it to an external oscillator. The motion of 
the locked oscillator is detected with resolution below the 
SQL. 

Figure [1] shows a schematic of the set-up. We use a 
single ^'^*Ba'^ ion which is held in a miniature Paul trap 
and continuously laser-excited and -cooled on its 51/2 
to Pi/2 transition at 493 nm [2lj. The ion oscillates in 
three non-degenerate modes with frequencies of about 
1 MHz, 1.2 MHz, and 2 MHz. A retro-reflecting mirror 
L = 25 cm away from the trap and a lens (not shown) are 
arranged such that they image the ion onto itself. The 
493 nm fluorescence of the ion which is scattered directly 
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towards the photomultiplier (PMT) interferes with the 
part of the fluorescence retro-reflected from the mirror. 
Scanning the ion-mirror distance then leads to interfer- 
ence fringes at the position of the PMT with a contrast 
of up to 73% 0. 

For continuous read-out of the ion position, the mirror 
position is fixed in such a way that the ion stays at the 
midpoint of the fringes [l^ . Then the motion of the ion 
leads to a modulation of the intensity of the scattered 
light, i.e. a modulation in the arrival times of the photo- 
counts. When the signal from the PMT is measured with 
an RF spectrum analyzer, the motion along the trap axis 
at frequency uq = 2tt x 1.039 MHz appears as a clear res- 
onance line above the shot noise background, as shown 
in Fig. [2lja). Using a semiclassical picture for the de- 
tected light and considering the trapped ion as a point 
particle oscillating with instantaneous displacement x{t) 
along the trap axis, the detected photocurrent i(t) is 



i{t) cx /o [1 + Vsm{2kx{t) cos 6)] + 51 



(1) 



Here Iq is the mean fluorescence rate in counts/sec, V is 
the visibility of the interference fringes limited by imper- 
fect optics and imaging as well as by the motion along 
other trap axes, k is the wavevector of the 493 nm light, 
Q ~ 55° is the projection angle between trap axis and op- 
tical axis, and SI represents the fluorescence shot noise. 
The single Ba+ ion is trapped in the Lamb-Dicke regime, 
therefore Eq. ([T]) can be rewritten as 



i{t) cx /o (1 + 2Vkx{t) cos 9) + SI 



(2) 



The spectrum of the photocurrent detected by the RF 
spectrum analyzer consists of three terms, 

{i^iuj)) cx /o + 27rI^S{uj) + Al^V^k^ S^{lu) cos^ 6 . (3) 

The first term corresponds to the shot-noise which scales 
linearly with Iq, the second one is the DC-offset or mean 
intensity level which is outside our observation frequency 
range. The last term reveals the power spectral den- 
sity of the ion motion, Sx{uj). It is calculated using the 
Fluctuation-Dissipation Theorem (FDT) [H [Til, [li, [i^ 
for a harmonic oscillator coupled to a thermal bath with 
temperature T, which yields 



M 



(4) 



where M is the mass of the ion and 7 is the damping rate 
of the oscillation. In our case, the measured resonance 
width J = 2tt X 380 Hz gives directly the cooling rate of 
the trapped ion [2l| . The area under the resonance curve 
is proportional to the thermal energy of the oscillator. 
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To calibrate the power spectral density Sx(f) mea- 
sured on the spectrum analyzer in terms of displace- 
ment, we apply a weak sinusoidal signal to one of the 
trap electrodes [i^, [HI- This weak excitation is de- 
tuned by 2.5 kHz from wq and coherently excites the 
ion motion, as shown in Fig. [H^a). The relation be- 
tween the motional amplitude of this coherent oscilla- 
tion and the spectrum analyzer signal is found by mea- 
suring the change of the (time-averaged) fringe contrast 
at different excitation levels. Using Eq. ([T]), we then 
obtain the calibrated spectral density for the ion mo- 
tion in nm^/Hz, as shown in Fig. [UJb). The resonance 
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FIG. 2: (Color online) Quantum limited detection of the ion's 
oscillations, (a) Spectrum of the photocurrent showing mo- 
tional sideband (wide resonance line) and coherent excitation 
(sharp peak) used for calibration of the ion's motion. The 
spectrum was measured with 30 Hz resolution bandwidth 
(RBW). (b) The blue curve is the calibrated spectral den- 
sity of the ion displacement Sx{f)- The red solid line is a 
Lorentzian fit, as described by Eq.Q. The precision of the 
position measurement is set by the shot noise background 
shown as a dashed green line, (c) Time evolution of in-phase 
displacement Xi{t) measured when the electronic homodyne 
local oscillator is tuned in resonance with the ion's oscillation 
(T = to 2 sec), and when it is tuned off-resonant detecting 
shot noise only (T = 2 to 4 sec), (d) Phase plot of the recon- 
structed motion for 300 ms. The red (blue) circle shows the 
average variance of the ion displacement (of the shot-noise); 
see explanation in the text. 

line is well fitted using Eq. Qj, which yields through 
Eq. ([5]) the mean (r.m.s.) amplitude of the ion excursion 
(x(i)^)^/^ = 51 nm. This value is higher than the one es- 
timated from the Doppler cooling limit, xd ^ 27 nm, set 
by the linewidth F = 27r x 20.4 MHz of the 5 to P cooling 
transition. That is because the laser detunings and in- 
tensities chosen to maximize the signal-to-noise ratio do 
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not provide optimal cooling conditions. The resolution 
of the position measurement is limited by the shot-noise 
pedestal with spectral density Ssn = 1-0 nm^/Hz shown 
by the dashed line in Fig.[5Jb), and corresponds to an ex- 
cursion of the ion motion of 24 nm, or Ax SQL [iSEI 



If the oscillations of the ion were aligned with the optical 
axis, the resolution would be improved by factor of cos Q 
to 2.3AxsQL- 

To reconstruct the ion motion, we employ the homo- 
dyne technique depicted in Fig. [T] (see also [26|). Part of 
the detected PMT signal is mixed with a local oscillator 
(LO) on two RF-mixers Ml and M2, with 7r/2 phase shift 
between them. Both outputs are low-pass filtered by 4- 
pole filters with ^30 Hz cut-off frequency which transmit 
about 10% of the total energy of the sideband. The de- 
modulated signals are the slowly varying in-phase and 
quadrature components Xi{t) and X2(t). A typical time 
trace of the Xi-component, with the LO set on- and off- 
resonant with the oscillation, is shown in FiglJl^c) . While 
the variances, 15 nm on and 7 nm off resonance, are 
smaller than in the spectral measurement because of the 
narrow filter, their ratio agrees well with the signal-to- 
noise ratio in the spectrum, Figl2][b). The phase plot of 
the sideband signal, Xi{t) versus X2{t), is shown dur- 
ing 300 ms in Fig.[2l^d), exhibiting photon recoil-induced 
phase diffusion. The circles indicate the effective vari- 
ances of motion plus shot noise (red) and shot noise alone 
(blue). 

Using the homodyne signal, we now seek to drive the 
ion motion into a defined coherent state, by phase-locking 
it to the local oscillator. To this end, the output of mixer 
Ml is low-pass filtered with 300 Hz cut-off frequency and 
amplified, thus providing an output proportional to the 
phase lag between the ion's vibration and the LO. This 
signal is used to control the intensity of the trap drive 
in order to change the trap frequency (see Fig. [T]), thus 
counteracting the phase diffusion due to photon recoils. 
This operation is reminiscent of a classical phase-locked 
loop (PLL), whereby the vibration of the single ion plays 
the role of the voltage-controlled oscillator, synchronized 
to the phase of the LO reference. 

To demonstrate the operation of the PLL, the vibra- 
tional mode with 1.04 MHz central frequency is first 
locked to a sinusoidal LO. We show the relevant spec- 
tra with and without feedback in Fig. Ela). Without 
feedback the sideband spectrum has a Lorentzian shape 
with about 500 Hz width, determined by the equilibrium 
between laser cooling and recoil heating. In contrast, 
with the feedback loop closed, phase locking is clearly 
observed: the spectrum consists of a narrow central peak 
and two side-lobes. The peak contains about 1/8 of the 
total motional energy, and phase noise is suppressed over 
more than 700 Hz bandwidth, indicating that the ion mo- 
tion follows the LO closely. The side-lobes indicate the 
regime where the phase noise is increased, around the 
oscillation frequency of the feedback loop (servo bumps) . 



The total energy remains constant, i.e. the PLL has no 
damping effect, in contrast to feedback cooling as in psj . 
The coherent, phase locked ion oscillation is detected 
with much higher precision than the free thermal mo- 
tion due to the narrowing of the resonance line and the 
detection bandwidth. As can be seen from Fig. [3{b), the 
width of the coherent line is not yet resolved with 1 Hz 
resolution bandwidth. Using 1 Hz as the upper limit, 
we find that the coherent motion is detected with bet- 
ter than O.SAxsQL resolution against the residual phase 
noise pedestal in closed-loop operation: the spectral den- 
sity of the residual noise of 2.6 nm^/Hz corresponds to 
motion with 1.6 nm mean excursion. 
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FIG. 3: (Color online) Phase locking of a trapped ion's vibra- 
tion, (a) Motional sideband spectra when the PLL is off (blue 
curve) and when the PLL is on (red curve), measured with 
RBW — 10 Hz. (b) Calibrated spectral density Sx{f) around 
central peak of phase-locked ion motion, measured with 1 Hz 
RBW. The dashed line indicates the residual noise floor of 
2.6 nm^/Hz.(c) Sideband spectrum when the ion is locked to 
an FM signal with modulation frequency 56.3 Hz and modu- 
lation index 1 (red curve). The spectrum of the FM reference 
is also shown (blue curve), (d) Center peak of phase locked 
ion motion measured with 50 mHz resolution, using FFT of 
the g'^-* correlation function [27|. 

We demonstrate further the potential of the phase lock 
by the response to a frequency-modulated (FM) refer- 
ence, whose spectrum consists of several bands separated 
by the modulation frequency. Modulation frequency and 
index are chosen such that the FM harmonics do not co- 
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incide with 50 Hz noise, and most of the spectral energy 
fahs into the bandwidth of the loop filter. The result- 
ing spectrum of the motional sideband is displayed in 
Fig.lH^c), with the spectrum of the LO as reference. The 
spectrum of ion motion clearly reproduces the three main 
bands of the FM reference. This measurement shows, in 
conjunction with Fig. [3l^b), that we can encode and de- 
code phase/frequency information into the motion of the 
single trapped atom with sensitivity below the standard 
quantum limit. 

To resolve the coherent peak in the locked state even 
better, we use FFT analysis of the second order corre- 
lation function g^'^\ following Fig. [3l[d) shows the 
central portion of the FFT spectrum, now using 50 mHz 
resolution. The resulting linewidth of the locked signal 
is 120 mHz. This residual width is determined mainly by 
the fact that the time base used in recording g^^^ is not 
synchronized to the 10 MHz clock used for generating the 
local oscillator. In principle, the narrow linewidth allows 
deriving a new limit for the resolution of the ion motion, 
but we do not present this number because calibration 
proves less reliable for the FFT spectrum than for the 
one recorded with the rf spectrum analyzer. 

In conclusion, we have demonstrated the continuous, 
shot noise limited measurement of the thermal oscillation 
of a single ion with AAxsql resolution. The resolution 
could be moved closer to the standard quantum limit 
by collecting more fluorescence light, or by introducing 
a steeper gradient in the interferometric detection of the 
motion. The first method would employ using a lens with 
higher numerical aperture 0, [2^ , the second one may 
be implemented by setting up the trap inside an optical 
cavity [13, [SH . We have also realized quantum limited 
phase control of the ion motion, suppressing the photon 
recoil-induced phase diffusion through a PLL-type feed- 
back loop. Due to the narrowing of the resonance line 
in PLL mode, the coherent ion oscillations is measured 
with O.SAxsQL resolution. The potential of the PLL con- 
trol has been demonstrated by synchronizing the ion's 
oscillation to a modulated reference signal. The phase 
locking technique may be used to attain common-mode 
rejection of recoil effects in photonic atom-atom interac- 
tions 3^ 33 1 . It may also be combined with feedback 
coolingjijin order to implement combined amplitude 
and phase control. 
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